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An aim is talking about

Bipath persistent homology

which is an extension of persistent homology.

* A Visualization/Computation of Bipath Persistence Diagrams
(Joint work with Toshitaka Aoki, Emerson G. Escolar)

* Stability of bipath persistence diagrams (bipath PDs)

- T. Aoki, E. G. Escolar, and S. Tada. Bipath persistence. Japan Journal of Industrial and Applied
Mathematics, 42:453-486, 2025.
- S. Tada. Stability of Bipath Persistence Diagrams. arXiv: 2503.01614, 2025.
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Persistent homology

Persistent homology (PH) is a tool in Topological Data Analysis

It captures the persistence of “shape”(connected components,
holes or v0|ds) of data by a persistence diagram (PD).
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Applications

Material science

Evolutional biology
Cosmology (cosmic web)

Computational gastronomy
and others...

- Yasuaki Hiraoka Hiraoka, Takenobu Nakamura, Akihiko Hirata, Emerson G. Escolar, Kaname Matsue, and Yasumasa Nishiura. Hierarchical
structures of amorphous solids characterized by persistent homology. Proceedings of the National Academy of Sciences, 113(26), 7035-7040,
2016.

- Joseph Minhow Chan, Gunnar Carlsson, and Raul Rabadan. Topology of viral evolution. Proceedings of the National Academy of Sciences,
110(46):18566-18571, 2013

- Thierry Sousbie. The persistent cosmic web and its filamentary structure—I. theory and implementation. Monthly Notices of the Royal
Astronomical Society, 414(1):350-383, 2011.

and others.

- Emerson G. Escolar, Yuta Shimada, and Masahiro Yuasa. A topological analysis of the space of recipes. International Journal of
Gastronomy and Food Science, 39:101088, 2025.



PH: Persistent homology

How to ca pture Shape PD: Persistent diagram

Homology Decomposition
functor
Data g Filtration » PH | —— | PD
(Input) (Output)
.:. ot .
.°. :.Oo'
: : : (birth)
Ex. Point cloud S:Filtration PH of S PD
. _ * Each point in PD corresponds to a hole.
PH formalizes the “persistence” of the holes. + The upper left point in a PD corresponds to

a larger hole.



How to capture shape

Homology functor

Filtration

$:8, 558, 5S,. oS,

S Filtration

PH: Persistent homology
PD: Persistent diagram

* k-vector spaces

~ | PH ,
* Liner maps
R Hy(Sr,) = Hi(Sr,) = Hi(Sr,) = Hi(Sr,) = Hi(Sx)
IR
0 - k* - k* - k - 0
[I? uniquely decomposed
I[ry,73]: 0 - k d, k - 0 - 0
id & id
Ir),,]: 0 - k - k - - 0



Other settings

Data

Filtration

/1gzag
filtration

Homology
functor

Decomposition

ﬁ

PH

/1gzag

PD

PH

Multiparameter
filtration

Multiparameter
PH

PD




Other settings: zigzag PF

/1gzag /1gzag
Data filtration PH PD

S:81 25, € S35, €8s | H(S) =Hi(S,,)  Hi(S,) ~ Hi(Sy,) < Hi(Sr,) = Hi(S:,)

=@ I[b;, d;]"Pi4 (Interval-decomposable)
Zigzag filtration

e.g., Temporal network

} o (by dy)

PD

Gunnar Carlsson, and Vin De Silva. Zigzag persistence. Foundations of computational mathematics 10 (2010): 367-405.
Myers, A., Muioz, D., Khasawneh, F. A., & Munch, E. (2023). Temporal network analysis using zigzag persistence. EPJ Data Science, 12(1), 6.



Other settings: multiparameter PH

Data |— I\/Iult.ipara?meter Multiparameter 5
filtration PH
Ul Ul 0 0
C cC ... _
SLZJ’ll = {le,z = } H;(521) = Hi(S32) —» } H;(S) =@ ea Vi
T T
S1 & S12 & H;(S11) = Hi(512) = -

S H;(S) No longer parametrized by
Multiparameter filtration Multiparameter PH intervals (complicated)
- density
* time

- partial charge, and others...
Gunnar Carlsson, and Afra Zomorodian. The Theory of Multidimensional Persistence. Discrete Comput Geom 42, 71-93 (2009).



Difficulty of multiparameter PH

K —> K — K

K — K 2 219!

An indecomposable module:
This is not interval.

Mickaél Buchet, and Emerson G. Escolar. Every 1D Persistence Module is a Restriction of Some Indecomposable 2D Persistence Module.

Journal of Applied and Computational Topology.

T T T [1(]]T [1{')]/

K—- K%K K2 3K
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Difficulty of multiparameter PH

rrtT T T T 7
e D e D e DeDeDde D

_ , , (Y N A N )
It is complicated to classify all Gt > e > e 3e>e>e>

the indecomposable module. rrtT T T 1t 1

wild representation type A A A
( P ype) o Y Y Y Y N

e =D e =D e =D e = e = e -

rT T T 1t 1

e =D e =D e =D e = e = e -

- Zbigniew Leszczynski. On the representation type of tensor product algebras. Fundamenta Mathematicae, 144(2):143-161, 1994.
- Zbigniew Leszczynski and Andrze] Skowronski. Tame triangular matrix algebras. Colloquium Mathematicum, 86(2):259 303, 2000.

- Ulrich Bauer, Magnus B. Botnhan, Steffen Oppermann, and Johan Steen. Cotorsion torsion triples and the representation theory of
filtered hierarchical clustering. Advances in Mathematics, 369:107171, 2020.



Introduction

Data

PH: Persistent homology
PD: Persistent diagram

> PD

Multisets of intervals

» PD

Homology "
functor Decomposition
Filtration — | PH
Zigzag Zigzag
filtration PH

Multiparameter
filtration

Multiparameter
PH

Multisets of intervals

No longer parametrized by
intervals (complicated)




Introduction

Data |—™

PH: Persistent homology
PD: Persistent diagram

» PD

Multisets of intervals

» PD

Multisets of intervals

No longer parametrized by
intervals (complicated)

H]?urrr:zgfy Decomposition
Filtration — | PH
/1gzag Z1gzag
filtration PH
Multiparameter Multiparameter
filtration ' PH
?7?
filtration ' ?? PH

—»| PD

% MU|tiSEtS Of intervals

Do we have other arrangement of spaces like standard/zigzag filtration?



Introduction

Data |—™

PH: Persistent homology
PD: Persistent diagram

> PD

Multisets of intervals

» PD

Multisets of intervals

No longer parametrized by
intervals (complicated)

—»| PD

Homology "
functor Decomposition
Filtration — | PH
/1gzag Z1gzag
filtration PH
Multiparameter Multiparameter
filtration ' PH
Bipath :
filtration ' Bipath PH

% Multisets of intervals
Bipath filtration ([Aoki-Escolar-T, 25])



Introduction

81;)52;)”°‘—>Sn
(/{Si

Sy — Sor — - — S,

Bipath filtration
|

Sy < 51> 52 — - = 5, = 55
S| |

Sg < S17 = Sor = -+ = Sy — 55

A pair of two filtrations sharing the same spaces at the ends.



Introduction

We can consider a bipath persistent homology (bipath PH) of a filtration.

Sl‘—>82‘—>'°"—>sn

/
S() \* Si
\ A

Slf — SQ’ — e Smf

!

R H,(51;k) — H,(S2:k) — -+ — H,(Sn; k)
Hy(Sp; k) Hy(Si; k)
w /',.}

Hq(Slf;k:) — Hq(ng;k‘) — . — Hq(Smr;k’)

Bipath PH



Introduction

We can get a Bipath Persistence Diagram (Bipath PD).

H,(51;k) — H,(S2:k) — -+ — H,(Sn: k)
T \7\
Hq(Sp; k) Hqy (575 F)
N /,.%
Hq(slr;]f) — HQ(SQf;k) — Hq(Smr;k)

s

SR

___________________________

) ... S =)

|
é’

B

1
n i m’ 1’6

Bipath PD



PH: Persistent homology
Introduction PD: Persistent diagram

H I
]?ur:gtgfy Decomposition
Data |—| Filtration — | PH » PD
\ Multisets of intervals
/1873 /1gza
: 5 'g — 6298 » PD
filtration PH
Multisets of intervals
Multiparameter Multiparameter 5
filtration ' PH I '
No longer parametrized by

intervals (complicated)

Bipath :
filtration ' Bipath PH > PD

Multisets of intervals

->What can bipath PH do?



Introduction

Bipath PH can be used to...
(1) study the persistence of topological features across a pair of

filtrations connected at their ends, to compare the two filtrations.

Sg > S1 = 52— -+ = 5, = 55
Sl |
Sg = S17 = Sor — - = Sy — 55



Introduction

Bipath PH can be used to...

(2) obtain an invariant for multiparameter PH.

51,4 - 52,4 - 53,4 - 54,4

T T
51,3 54,3
T T
51,2 54,2
T T

51,1 - 52,1 - 53,1 - 54,1

Bipath filtration.

()

S1,4 = 924 = 534 2 S44
T T T T
513 = 923 2 533 = 943
T T T T
S1,2 = 522 2 532 = 5S4

T T T T

51,1 - 52,1 - 53,1 - 54,1

Bifiltration.



Introduction

Bipath PH can be used to...
(2) obtain an invariant for multiparameter PH.

S1,4 = 924 = 534 2 S44 S1,4 = 924 = 534 2 S44
T T T T T T
51,3 533 = Sa3 513 = 923 2 533 = 943
T T — T T T T
512 S,5 = S35 S12 2 522 2 832 =S4
T T T T T T
S11 = 521 S11 = 521 2 531 = 541

Bipath filtration. Bifiltration.



Introduction

Bipath PH can be used to...
(2) obtain an invariant for multiparameter PH.

S24 = 534 2 S44 S1,4 = 924 = 534 2 S44
T T T T T T
513 = Sp3 533 = 843 513 ™ 92,3 = 933 = S43
T T — T T T T
512 S,5 = S35 S12 2 522 2 832 =S4
T T T T T T
S11 = 521 S11 = 521 2 531 = 541

Bipath filtration. Bifiltration.



Introduction

Bipath PH can be used to...

(2) obtain an invariant for multiparameter PH.

52,4 - 53,4 - 54,4

T T
Sl,3 — 52,3 S4 3
T T
Sl,Z 54,2
T T

51,1 - 52,1 - 53,1 - 54,1

Bipath filtration.

()

S1,4 = 924 = 534 2 S44
T T T T
513 = 923 2 533 = 943
T T T T
S1,2 = 522 2 532 = 5S4

T T T T

51,1 - 52,1 - 53,1 - 54,1

Bifiltration.



Introduction

|
Data | —>

(1)
(2)
(3)

Bipath PH
Interval-Decomposability O
Visualization(Bipath PD) O
Algorithm(Implementation) O
Stability theorem for Bipath PD O
Application -




Introduction

|
Data | —>

(1)
(2)
(3)

Bipath PH
Interval-Decomposability O
Visualization(Bipath PD) O
Algorithm(Implementation) O
Stability theorem for Bipath PD O
Application -




Data

Bipath Persistence Diagram

(Bipath PD)
R Bipath . Bipath
Filtration PH

Bipath
PD

How to visualize.



Recall: standard persistence diagram

(deith)(b,.d)

>
(birth)

In the standard setting, intervals are visualized through the

correspondence between intervals and points on the plane.
[b,d) » (b,d) € R?



Bipath Persistence

Definition Bipath poset
Let m and n be non-negative numbers. A bipath poset By, ,, is a poset
consisting of two totally ordered sets

1<2<-<nandl’' <2'<--<m

with the global minimum and the global maximum

0 and 1.
<
The Hasse diagram: 1 > 2 > ...on
7 N
Bn,m: 0 < 1

1/_)2/:).”_)m17\



Bipath Persistence
Intervals in B := B, ,;, are one of the following forms:

6] L R Z/{ D
(AII (Left (nght) (Down
1/ 1’ 8 i S m/!
661,161 oe1,1e_:1 6651,161 oe1,1e1 0551,19_:1

» Each interval in B (except for B) is written by the pair (s, t) (s,t € B)
by taking end points of the interval.



A correspondence of intervals and points

(1)Put elements of B,, ;,, (in clockwise)
on the vertical and horizontal axes.

1 >2 ->:-->n

7 \ 1 n
Bnm: 0 O 1 0 1 /
’ 1
N 7
1' - 2’ —_ e — m' 1’ m’
ﬁ

(2)Plot a point on the
upper left region “B”
for the interval By, 1.

(3)Plot a point (s, t)

1 n

|

: A Q !

0 i
D |

: 17 1 S m/!

#

|

|
L

for the interval (s, t). v

0 I e
0 i L L
vee n 1 m’ 1’0

Bipath PD: multiset of points in the plane



Examples of bipath PD

V<P <R
Q !

a o 1 2 3 <
S: o7

. ; .

- € C C ~
0 S <>QQ§ g i

1’ 2’

l * Compute bipath PD of H{(S; k = F,).




Examples of bipath PD

<] W (E)
< C C 1 L4 "
Qe @ i 2 3 < 2’ """""""" '(B)
g. b d 1 e (C)
: <C; . 3 o) .
s s <D ¢ :
B 1
1’ 2’ 0
l * Compute bipath PD of H{(S; k = F,). 1231210

B(H.(S;k)) ={{1,2,3,1,2",1'},{1,2,3,1,2'},{2,3,1}, {3}, {1’}

={(1,1"),(1,2'),(2,1),(3,3), (1, 1" )}.
(A) (B) (€) (D) (E)



Examples of bipath PD

, (A) (E)
C c 1 o B—
¢ 2 v 1 2 3 < 2 [ ® (B)
S: I< d @ 1 e (C)
| C; : 3 e®d  ,
0 N @ c @ “ 1 2
) 1
iy 5 5
l * Compute bipath PD of H,(S; k = [F,). { 2312 10

B(H.(S;k)) ={{1,2,3,1,2",1}{1,2,3,1,2'},{2,3,1}, {3}, {1'}}

[ 1} (12,2, 1), 3.3),(1,1' )}

(A) (B) (C) (D) (E)



Examples of bipath PD

1w (E)
® o D ®
/e (B)

—

) 2! |
1 ' Y(®)
S: < . <$ } 3 ot O
N 1
1’ 2’ 0
l * Compute bipath PD of H{(S; k = F,). 1231210

B(H(S; k) ={{1,2,3,1,2',1}, (2,3,1}, {3}, (1B

=((1,1)}(1,2'} (2, 1), 3.3), (1', 1)},

(A) (B) (©) D)  (®)



Examples of bipath PD

<] W (E)
< S < 1 * R p?
Qe Q i 2 3 < 2’ """""""" '(B)
g. b d 1 ® (O)
: <C; . 3 o) .
s s <D ¢ :
B 1
1’ 2’ 0
l * Compute bipath PD of H{(S; k = F,). 1231210

B(H.(S; k) ={{1,2,3,1,2',1},{1,2,3,1,2'}{2,3, T}} (3}, {1'}}

=((1, 1), (1,22, D (3.3), (1", 1)},

(A) (B) (©) D) (B



Examples of bipath PD

<] W (E)
< S < 1 * R D
Qe Q i 2 3 < 2’ """""""" '(B)
g. b d 1 e (C)
: <C; . 3 9(D)
s s <D ¢ :
B 1
1’ 2’ 0
l * Compute bipath PD of H{(S; k = F,). 1231210

B(H,(S;k)) ={{1,2,3,1,2',1'},{1,2,3,1,2},{2,3,1}, {3}} {1'}}

={(1,1'),(1,2"), (2, 1),k3,3)% (1, 1" )3

(A) (B) (©) D) B



Examples of bipath PD

<] W (E)
< S < 1 * Rp
Qe Q i 2 3 < 2’ """""""" '(B)
g. b d 1 e (C)
: <C : . 3 9(D)
o = <> c <§ o ;
B 1
1’ 2’ 0
l * Compute bipath PD of H{(S; k = F,). 1231210

B(H.(S;k)) ={{1,2,3,1,2,1'},{1,2,3,1,2", (2,3, 1}, {3}, }

={(1,1'),(1,2"),(2,1), (3,3),K1', 1'])}.

(A) (B) (©) (D) B



Examples of bipath PD

AN
P

N

VAN
VAN
/[




Examples of bipath PD

EN
* oo

= :Upper path
- :Lower path

Get bipath PH.
(k = IF,)

1st.

------------------------------------

____________________________________




Examples of bipath PD

EN
* oo

= :Upper path
- :Lower path

Get bipath PH.
(k = IF,)

w

ro

—y

0

------------------------------------

____________________________________




Examples of bipath PD

st » | -,
1 2 l 2' 1' 0

1st.

Colors are changed by the

Bipath filtration of image data (30 X 30pixel) multiplicity of intervals.



Examples of bipath PD

1st
Bz,z
- 9
2 L |
1 2 ] R SS— -

ﬁ 1 2 I 2' 1' 0
' Colors are changed by the

Bipath filtration of image data (30 X 30pixel) multiplicity of intervals.



Examples of bipath PD

ot v | S
1 2 l 2' 1' 0

1st.

Colors are changed by the

Bipath filtration of image data (30 X 30pixel) multiplicity of intervals.



Examples of bipath PD

1st.
) ° O

____________________________________________________

ot v | S
1 2 l 2' 1' 0

Colors are changed by the

Bipath filtration of image data (30 X 30pixel) multiplicity of intervals.



Examples of bipath PD

s 8 | (2,2)  *
1 2 ; 2! 1' lll

1st.

Colors are changed by the

Bipath filtration of image data (30 X 30pixel) multiplicity of intervals.



Examples of bipath PD

1st.
. ®
.
&ﬂ |
1 2 TR e S

& g5 1 °
i e B U S

1 2 | 2' 1' 0
' Colors are changed by the

Bipath filtration of image data (30 X 30pixel) multiplicity of intervals.



Data

Implementation: Computing Bipath PD

_—

Bipath filtration | —

Bipath PH

N

| Bipath PD




Implementation: Computing bipath PD

We gave a software for computing bipath PD on GitHub.
(https://github.com/ShunsukeTadal357/Bipathposets)

Input Output

Sy 3 Sy s i 8, .
S; S el
: 7 —ar
51/%82/‘—>--°‘—>Sm/ i ® i
Bipath filtraton [

(of simplicial complex) Bipath PD
Remark.

The computational algorithm is given in [Aoki-Escolar-T, Algorithm 2, 25].



Implementation: Computing bipath PD

Note.

- We get a bipath PD by 2 times of standard algorithm for PH and matrix
operations (whose size depend on the number of intervals).

. Sg > S1 = 52— -+ =5, — 55
Standard algorithm | |
T Sy = Sy Sor s oo - Sy 3 S5

->Bipath PD can be computed without much more effort than the standard
algorithm for PH.



Stability of bipath persistence diagrams



Background: Stability theorem for standard PH

death

Persistence Diagram

—
Cl.;irth 0.6 0.8
A
Data
2 3%
o t*:'.-’g,.. ?’:
I R
o’ J.' :.. :“
o ‘Gf
"4'--3".: goi¥

Small change
>

Small noise

—

death

0 -

Persistence Diagram

.4 0.
birth
A

Data with noise




Background: Stability theorem for standard PH

Stability theorem (see [Frédéric Chazal, et al., 2009] for example)
Let f and g be a real-valued function on top. sp. x. Then, we have

dg(B(Vy), B(Vy)) < [|f = 9lloo-

+ B(V¢) : The standard PD of PH by sublevelset filtration of /.
* B(V,) : The standard PD of PH by sublevelset filtration of 9.
- dp: Bottleneck distance between PDs.

Nf—gllec: =sup,ex |f(x) —g(z)].

It gives mathematical justification of the use of PH for studying noisy data.

- David Cohen-Steiner, Herbert Edelsbrunner, and John Harer. Stability of persistence diagrams. Discrete& Computational Geometry, 37:103-120, 2007.
- Frédéric Chazal, David Cohen-Steiner, Marc Glisse, Leonidas J Guibas, and Steve Y Oudot. Proximityof persistence modules and their diagrams. In
Proceedings of the twenty-fifth annual symposium onComputational geometry, pages 237-246, 20009.



Stability theorem for bipath PD

Theorem [T, 25](Stability theorem for bipath PD).
Let f = (f1, f2) and 9 = (91, 92) be bipath functions satisfying (@).
Then, we have the following inequality:

ds(B(V1): B(Vy)) < IIf = gl

........... “. ____ Smallchange | "1+
I I — ¢ I I
B(Vy) B(Vy:)
o Small noise o

f —_— f!
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Stability theorem for bipath PD: Setting

We consider continuous version of a bipath poset B to discuss stability.
(We have a natural embedding t: B, ,,> B)

1 ->2->5->n

Bn,m: 0 i {1,...,n}u {1, ... m}tu {6, i}

4 4

B: —00 -::/ \\::o ~+00 (IR X {1}) L (IR X {2}) L { — 00, +OO}



Stability theorem for bipath PD: Bipath sublevelset filtration

Definition (Bipath function)
A bipath function f on top. sp. X is a pair of B-valued functions.f1 and /2
on X such that

Imf; C (R x {i}) U {£o0} C B
and
fiH(=00) = f3 (~00) |
We denote by f: X — B a bipath function on X.

Imf1 R x {1} R > {1}

/, S
s \\A
— 00 / \ _1_\ ) — O ¢ o0
0 @ /, o0 00 \ R x {2 / 400

R x {2}
Im f;
*f 1 (—o00) = f5 '(—o0) is needed to define a bipath sublevelset filtration.

~
A




Stability theorem for bipath PD: Bipath sublevelset filtration

Definition (Bipath sublevelset filtration)
Let f be a bipath function on a top. sp. X. Forany b in B, let
(X if b = 400
7 ({=o00}) if b= —oo
(=00, x {1}) i b= (r,1)

oo,r] x {2}) if b= (r,2)

(f <b) = ¢

Then, they give a functor (f <-): B — Top. We call it bipath sublevelset
filtration.

(f < +00) = X(= (D)), Rx () i
— < R x {2} > oo




Stability theorem for bipath PD: Bipath sublevelset filtration

Definition (Bipath sublevelset filtration)

Let f be a bipath function on a top. sp. X. Forany b in B, let
(X it b =400

7 ({=o00}) if b= —oc
fit([=oo,r] x {1}) if b= (r,1)

o H([=o0, ] x {2)) if b= (r,2)

Then, they give a functor (f <-): B — Top. We call it bipath sublevelset
filtration.

(f <b) = ¢

(f < —o0) = fl e ={-0)) , . Rx \
R R {2) e

~,
A




Stability theorem for bipath PD: Bipath sublevelset filtration

Definition (Bipath sublevelset filtration)
Let f be a bipath function on a top. sp. X. Forany b in B, let
(X if b = 400
7 ({=o00}) if b= —oo
(=00, x {1}) i b= (r,1)

oo,r] x {2}) if b= (r,2)

(f <b) = ¢

Then, they give a functor (f <-): B — Top. We call it bipath sublevelset
filtration.

(f<b)=fite——) =0 3

\\
A
® +0C

(f<b)=f' (=) %< b



Stability theorem for bipath PD: Bipath sublevelset filtration

Definition (Bipath sublevelset filtration)
Let f be a bipath function on a top. sp. X. Forany b in B, let

- if b = +00
B f ({—o0}) if b= —o0
== o x (1)) b= ()
s (o0, x {2)) i b= (r,2)

Then, they give a functor (f <-): B — Top. We call it bipath sublevelset
filtration.

* f: X — B: A bipath function.
Vi :=Hy(-;k)o(f <-):Bipath PH of the sublevelset filtration of /.
* B(V¢):Bipath persistence diagram.



Stability theorem for bipath PD: Theorem
* f: X — B: Abipath function.
Vi :=Hy(-;k)o(f <-):Bipath PH of the sublevelset filtration of /.

Condition
For two bipath functions fand 9, we set the following condition:

T {00 E 7 ({—ooh) 2 g (oo E g ({—0)) (@)

Theorem [T, 25](Stability theorem for bipath PD).
Let f = (f1, f») and g = (91, 92) be bipath functions satisfying (@).
Then, we have the following inequality:

ds(B(Vy),B(Vy)) < ||f — 9llco-
JIf = 9lloo:=max{|| f1 — g1l|oc: ||f2 — 92]] o0},




Summary
We proposed a new setting called bipath PH, which is an extension

of standard PH.

Bipath PH
Interval-Decomposability O
Visualization(Bipath PD) O
Algorithm(Implementation) O
Stability theorem for Bipath PD O
Application -

Discussion
- Settings where bipath PH is essentially needed.

- Faster algorithms are needed.

. : 1T ? : .
Is an assumption on stability theorem strong? o 1 you for listening!



Stability theorem for bipath PD: Bottleneck distance

Notation
+ A:={A.: B — B}.cr: Afamily of order-preserving maps satisfying:

Ae(+00) = +00, and Ac((r,7)) = (r +€,9) for (r,i) € R x {i}.

Q4o .0
—00 &:\A ror+te R x {2} /’;0 +00
B
- Ex®(I) := U A, (I) foraninterval 1.
rel—e,el
€ | €

e
Ex®(I)



Stability theorem for bipath PD: Bottleneck distance
Proposition

For aninterval I, we have I N A_.(I) = () if and only if

IS Rx{1}withIn{(r—¢1)|(r,1)€el}
IS RXx{2}withIn{(r—¢2)|(r,2)€l}
In this case, we say that [ is € -trivial.

(), or

0.

1

; » fICRX{i} (i=1lori=2)




Stability theorem for bipath PD: Bottleneck distance

Definition (e-matching)

Let X and Y be multisets of intervals. We define €-matching between X
and Y by a partial matching o : X O X’ oyrcy satisfying:

* Every I ¢ X\ X’ is 2e-trivial.

* Every J c Y \ Y’ is 2e-trivial.

* Ifo(l) =J,then I C Ex®(J)andJ C Ex“({).

Definition (Bottleneck distance)
The bottleneck distance dg between a multisets of intervals in B is given by

dg(X,Y) :=inf{e > 0 | de-matching between X and Y}

for multisets of intervals X and Y in B.



Introduction
Theorem [Aoki-Escolar-T, 23]

Let P be a connected finite poset. The following are equivalent.

(a) Every persistence module V over P is interval-decomposable.
(b) The Hasse diagram of P is one of the following forms:

<
1->2 - >n
7 N
A (a): 1+— - ¢—n Bum: o i
) N < p

1/ N 2/ 3 e ml

Zigzag posets (type A) Bipath posets
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